We theoretically analyze the optical and optomechanical nonlinearity present in a hybrid system consisting of a quantum dot(QD) coupled to an optomechanical cavity in the presence of a nonlinear Kerr medium, and show that this hybrid system can be used as an all optical switch. A high degree of control and tunability via the QD-cavity coupling strength, the Kerr and the optomechanical nonlinearity over the bistable behavior shown by the mean intracavity optical field and the power transmission of the weak probe field can be achieved.The results obtained in this investigation has the potential to be used for designing efficient all-optical switch and high sensitive sensors for use in Telecom systems.
I. INTRODUCTION
One of the obstacles of Moore's law imposed by device miniaturization is the technological development of classical computing reaching the fundamental limit. However this limitation can be overcome by integrating quantum optics on existing computing platforms such as solid state quantum systems [1] [2] [3] [4] . In particular quantum dots (QDs) are considered highly attractive candidates for such applications due to their optical tunability, their narrow linewidths and potential for implementation of optoelectronic devices. To make such applications a reality, complete coherent control of the quantum device is necessary. One such quantum device is an all optical switch with a single QD strongly coupled to a nanocavity [5] [6] [7] . By confining the QD in a cavity, repeated interactions with the trapped cavity photons leads to the strong coupling regime if the interaction strength overcomes the losses [8, 9] . In recent years, several experiments have demonstrated efficient out-coupling using strongly coupled QD-cavity systems [10] [11] [12] [13] . The QD-cavity systems has also proved to be extremely versatile since it is possible to control the spontaneous emission of the QD in the optical cavity [14] .
Cavity optomechanics is a rapidly growing field of research in which a coherent coupling between the cavity optical modes and the mechanical modes of the oscillator can be achieved via the radiation pressure exerted by the trapped cavity photons [15] [16] [17] [18] [19] . Rapid technological advance-ments in this field has led to marked achievements such as ultrahigh-precision measurements [20] , gravitational wave detectors [21] , quantum information processing [22, 23] , quantum entanglement [24] [25] [26] and optomechanically induced transparency (OMIT) [27] [28] [29] [30] [31] [32] [33] [34] [35] . In optomechanical systems, a high degree of nonlinearity exists between the optical field and mechanical mode, which gives rise to optical bistability and multistability [34, [36] [37] [38] . This optical phenomena has practical applications in all optical switching [39, 40] and memory storage [41, 42] . Optomechanical systems also exhibits an interesting optical phenomena called Fano resonance [43] which is based on quantum coherence and interference. Fano resonance is characterized by a sharp asymmetric line profile.
Fano resonance is different from electromagnetically induced transparency (EIT) and OMIT, both of which have symmetric line profile. The asymmetry of the Fano line shape and enhanced interference effect has attracted many theoretical [44] [45] [46] [47] as well as experimental investigations [48] [49] [50] [51] .
EIT is a quantum interference effect arising from different transition pathways of optical fields [35] . In the EIT effect, an abnormal dispersion occurs with the opening of a transparency window, resulting in slow light i.e reduction of light group velocity [52, 53] . This phenomenon implies that light can be stored in atomic ensembles [54, 55] . Slow light has important applications in optical networks [56] , quantum networks [57] and quantum memory [58, 59] .
In this work, we present a complete analytical investigation based on a hybrid optomechanical system consisting of an optomechanical cavity containing a QD and a nonlinear Kerr medium. In particular, we study the bistable behaviour shown by our proposed hybrid optomechanical system and calculate the power transmission of a weak probe field under the action of a strong pump field.
We clearly show a high degree of control and tunability can be achieved over the generated optical bistability and Fano resonance using the QD-cavity coupling strength, Kerr and optomechanical nonlinearity.
II. THEORETICAL MODEL
We consider a hybrid quantum system consisting of an optical cavity and optomechanics, where a two-level quantum dot is coupled to a confined photon mode and a micro-mechanical mode via radiation pressure in the presence of a Kerr nonlinear medium. The physical setup and the energy level configuration of the QD are shown in 1. The proposed hybrid model has two distinct non-linearities. Firstly the optical non-linearity is introduced by the Kerr medium. Secondly, the system has an optomechanical non-linearity due to the coupling of the single optical mode to the micro-mechanical resonator. The optomechanical coupling strength between the optical mode and the mechanical mode is characterized by G. The coupling between the optical mode and the QD is described by the Jaynes-Cummings type of interaction characterized by the parameter g. We assume that the system is coherently driven by external input laser fields consisting of a strong pump field of frequency ω l and a weak probe field of frequency ω p along the cavity axis. The external input laser field is denoted by a in (t) = E l e −iω l t + E p e −iωpt with field strengths E l and E p of the pump and probe lasers respectively. The field strengths E l and E p are related to the laser powers as E l = P l / ω l and E p = P p / ω p , where P l and P p are the powers of the pump field and the probe field respectively. We assume without loss of generality that E l and E p are real. The Hamiltonian of the whole system is given by Finally the eighth and the ninth terms represents the effect of the strong pump laser and the weak probe laser respectively. In a frame rotating at the driving laser frequency ω l , the Hamiltonian can then be written as,
are the detunings of the cavity field frequency, the QD transition frequency and the probe field frequency respectively. The factors described above may be used to coherently control the optical bistability and the power transmission.
III. CONTROLLED OPTICAL BISTABILITY
In this section, we will show how optical bistability for the cavity mode can be modified and controlled by the various system parameters. Before proceeding ahead, we first define the dimensionless position and momentum operators Q and P as Q = q mωm and P = p 
where η, γ a and γ m are the decay rates associated with the cavity mode, the QD and the mechanical mode respectively. Here χ = G ωm mωm is the scaled opto-mechanical coupling constant. The steady state of the system is analyzed by reducing the operators to their mean values and dropping the quantum noise terms since they have zero mean values.The steady state of the system is characterized by large amplitude semiclassical solutions for all the three degrees of freedom i.e the optical field, mechanical mode and the QD. Also for the case when the driving field is much stronger than the probe field i.e E l >> E p , the weak probe field is treated as noise. The Kerr and the optomechanical nonlinearity inherent in the equations of motion of our system indicates the presence of bistability. In the mean field approximation < Qa >=< Q >< a > and hence the steady state solutions of Eqns.(3)-(6) can be obtained as, In the low-excitation regime the steady state value < σ z > s = −1 since the QD stays only in the ground state. This neglects the nonlinear nature of the QD. From Eqn. (10), we derive the following expression for |a s | 2 which indicates the existence of bistable behaviour for certain values of the system parameters,
Eqn. (12) is quadratic in |a s | 2 which has two distinct roots if the discriminant is positive:
Clearly for weak Kerr nonlinearity κ and weak optomechanical coupling strength χ, bistability is absent since the discriminant is vanishingly small. In order to have appreciable bistable bahaviour, either κ or χ should be large. We plot the stationary value for the intracavity photon number E l /ω m . Since both the nonlinearities are weak, the system fails to exhibit bistable behaviour.
When considering a strong kerr nonlinearity, κ = 0.1ω m compared to optomechanical nonlinearity χ = 0.04, bistable behaviour appears as seen in Fig.4 . Along with bistability, the system retains its switching characteristics around ∆ c /ω m = 0. For strong Kerr nonlinearity, Fig.4 (b) exhibits the hysteresis curve for |a s | 2 with respect to driving field strength E l /ω m . Clearly starting from low value of E l , as we increase the driving laser field strength, the intra-cavity intensity |a s | 2 jumps from the lower stable branch to the upper stable branch. A similar transition from the upper stable branch to the lower stable branch occurs while decreasing the driving laser field strength. A similar bistable behaviour emerges when a strong optomechanical nonlinearity χ = 0.3 is introduced together with a weak Kerr nonlinearity κ = 0.01ω m (figure not shown). These observations point to the fact that the origin of the bistable behaviour are the two inherent nonlinearities. Finally for weak nonlinearities (κ = 0.01ω m , χ = 0.04) and strong QD-cavity mode coupling strength g = 0.8ω m , the intra-cavity intensity |a s | 2 as a function of ∆ c /ω m (Fig.5 ) displays the asymmetric switching behaviour but with a much broader zero intensity window around ∆ c /ω m = 0. For a weak QD-cavity mode coupling, the zero intensity window is much narrow as evident from Fig.2(a) and 3(a).
From the above discussions, we can arrive at the conclusion that the generated bistability is closely related to the Kerr and optomechanical nonlinearities. The hybrid optomechanics considered here enables a controlled bistable switching of the intra-cavity intensity by appropriately adjusting the Kerr nonlinearity κ and the optomechanical coupling χ. The QD-cavity mode coupling strength (g) is also found to be an efficient handle to manipulate the all optical switching behaviour. 
IV. CONTROLLED FANO RESONANCE AND OMIT
The OMIT has a prominent sharp symmetric line shape profile which is different from the sharp asymmetric Fano-resonance spectral profile [34] . Due to the sharp asymmetric line-shape of Fano-resonance, any small changes in the system parameters can cause a significant change in the amplitude and phase which can actually be used for a sensitive optical switch. We now explore the effect of the system parameters on controlling and tuning the asymmetric Fano resonance spectral profile. To this end, we will be studying the normalized power forward transmission T which can be measured at the output of the hybrid device. The results discussed in this section are based on the analytical expressions derived in Appendix A. Fig.6 shows the normalized power forward transmission T as a function of the detuning ∆ p = ω p − ω l (in the units of ω m ). In fig.6 (a), we have taken the optomechanical nonlinearity (χ = 0.03) to be smaller than the Kerr nonlinearity (κ = 0.0778ω m ).It is seen from fig. 6(a) , the plot of T has a single transparent peak in the center of ∆ p = −ω m and two symmetric dips on both sides demonstrating an OMIT effect studied in numerous earlier works [27] [28] [29] [30] [31] [32] [33] . In fig 6(b) all parameters are kept same as in fig. 6 (a) except the optomechanical coupling strength is reduced χ = 0.026. This reduces the transparency peak as seen in fig. 6(b) . In fig. 6(c) , the optomechanical nonlinearity (χ = 0.01) is taken to be larger than the Kerr nonlinearity (κ = 0.01ω m ) and plot clearly displays a transparent peak at ∆ p = ω m with two highly asymmetric dips on either side. This phenomenon shows an obvious asymmetric Fano resonance line-shape. On approaching the Fano resonance (∆ p = ω m ) from the left, the transition from the dip to the transparent peak is extremely sharp while approaching the Fano resonance from the right, the transition from the dip to the peak is slow. In fig 6(d) , the system parameters are changed in comparison to figs. 6(a), 6(b) and 6(c), keeping κ (0.078ω m ) greater than χ (0.021).
We immediately observe an extremely sharp asymmetric Fano peak at ∆ p = −ω m . In our hybrid optomechanical system we observe that the forward transmission contrast of the Fano resonance is very high (as high as 70%) which meets the minimum criterion for any Telecom system [65] .
The Fano resonance in our proposed system can be manipulated effectively by the optomechanical coupling χ and the Kerr nonlinearity κ.
The underlying physical mechanism for generating such Fano resonances can be understood as follows (based on analytical calculations given in Appendix B). The beat of the pump field and the probe field generates a time-varying radiation pressure force with beat frequency ∆ p = ω p − ω l .
When ∆ p = ω m , the mechanical resonator is driven resonantly. As a result, side-bands of the optical field are generated due to the mechanical oscillations. The frequency of the dominant sideband becomes degenerate with the frequency of the probe field ( fig.7) . Destructive interference between the side-band and the probe field leads to the cancelation of the intra-cavity field resulting in a transparency window in the transmission.
In view of the above discussions, we find that the QD-cavity coupling, Kerr nonlinearity and the optomechanical coupling plays a key role in the optical switching behavior of the proposed hybrid system. The current system provides a simple and flexible way to tune and coherently control the optical bistability and the Fano resonance spectrum by simply changing the experimentally achievable parameters. The effective optomechanical coupling can be tuned by changing the input laser power, the length of the cavity and the cavity mode frequency. The volume of the cavity and the cavity mode frequency also tunes the Kerr nonlinearity.
The ideas presented in this study could be tested on semiconductor optomechanical systems with built-in quantum dots. Of specific interest are miniature Gallium-Arsenide optomechanical resonators combining strong optomechanical [66, 67] with cavity QED couplings [68] . These hybrid QD-optomechanics platforms are not far from being realized in laboratories and technological advancements will allow to transfer these basic concepts of quantum optomechanics to applications.
V. CONCLUSIONS
In conclusion, we have analyzed the performance of the optical and opto-mechanical nonlinearities present in a coupled QD-optomechanical cavity system in the presence of a nonlinear Kerr medium. This proposed system can perform an efficient all optical switching. The optical bistability and the sharp asymmetric Fano spectral profile can be controlled and tuned by appropriately changing the QD-cavity coupling, Kerr nonlinearity and the optomechanical coupling. Our results demonstrate the Fano resonance control can be useful for enhancing the sensitivity of optical sensors and designing all optical switches and modulators.
VI. APPENDIX A: DERIVATION OF THE NORMALIZED POWER FORWARD TRANSMISSION
Our starting point would be the Heisenberg-Langevin equations (3)- (6) . We now consider the perturbations generated by the weak probe field and write the optical and mechanical mode as a sum of a steady state mean field term and a quantum fluctuations: a = a s + δa and Q = Q s + δQ.
These are substituted in Eqns. (3-6) which yields the results:
where
The Eqns. (14) and (15) can be further solved by introducing the following ansatz for the fluctuations δa and δQ as:
Eqns. (16) and (17) are substituted back into Eqns. (14) and (15) . This yields the following algebraic equations:
= a * 2
where Z(∆ p ) = 1/(ω 2 m − ∆ 2 p − iγ m ∆ p ). Upon solving these above equations, we have the expression for A 1 as
where X(∆ p ) = i∆ p + M * − iω 3 m χ 2 |a s | 2 Z(∆ p ) and Y (∆ p ) = i∆ p + M + iω 3 m χ 2 |a s | 2 Z(∆ p ) . Applying the standard input-output theory [69] , a out = a in − √ 2ηa(t), where a(t) = E l e −iω l t + E p e −iωpt , we have a out = (E l − 2ηa s )e −iω l t + (E p − 2ηA 1 )e −iωpt 
where ∆ ′ c = ∆ c − G(b s + b * s ) + 2κ|a s | 2 . Here G α = G|a s | is the coherent intra-cavity field enhanced optomechanical coupling strength.It is clear that the intra-cavity field δa of Eqn.26 has the same form as that for a typical optical system exhibiting EIT effect. The pump field plays the role of the coupling between the probe and the mechanical mode. 
